This work develops a mathematical model for the atrioventricular (AV) node in the human heart, based on recordings of electrical activity in the atria (the upper chambers of the heart) and the ventricles (the lower chambers of the heart). Intracardiac recordings of the atrial and ventricular activities were recorded from one patient with atrial flutter and one with atrial fibrillation. During these arrhythmias, not all beats in the atria are conducted to the ventricles. Some are blocked (concealed). However, the blocked beats can affect the properties of the AV node. The activation times of the atrial events were regarded as inputs to a mathematical model of conduction in the AV node, including a representation of AV nodal concealment. The model output was compared to the recorded ventricular response to search for and identify the best possible parameter combinations of the model. Good agreement between the distribution of interbeat intervals in the model and data for durations of 5 min was achieved. A model of AV nodal behavior during atrial flutter and atrial fibrillation could potentially help to understand the relative roles of atrial input activity and intrinsic AV nodal properties in determining the ventricular response.
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INTRODUCTION
Atrial flutter and atrial fibrillation are abnormal cardiac rhythms in which there are unusually rapid rhythms in the atria, the upper chambers of the heart. In atrial flutter, the rate is fast and regular whereas in atrial fibrillation the rate is fast, but irregular. The rapid activity in the atria is filtered by the atrioventricular (AV) node, which is the only conducting pathway between the atria and the ventricles (the lower chambers of the heart) in the normal heart. Consequently, during atrial flutter and atrial fibrillation only a fraction of the atrial activations is transmitted to the ventricles. Atrial activations that fail to propagate to the ventricles nevertheless play a crucial role in determining the ventricular response. These atrial activations partially penetrate the AV node and thus affect the electrophysiological state of AV node (Langendorf, 1948; Moe and Abildskov, 1964; Pick and Langendorf, 1979) . The effects of these concealed impulses on the electrophysiological properties of the AV node are still not completely understood. Lewis and Master (1925) showed that the conduction time of a single premature stimulus through the AV node decreased as the time interval since the last passage of a previous impulse through the AV node increased. The function describing this relationship, the AV nodal recovery curve, can be used to predict the rhythms that arise during atrial stimulation at a rate faster than the intrinsic rate (Decherd and Ruskin, 1946; Shrier et al., 1987) . Further work has developed models of AV nodal function describing the response to both periodic and irregular inputs (Heethaar et al., 1973a,b; Cohen et al., 1983; Talajic et al., 1991; Meijler et al., 1996; Zeng and Glass, 1996) . In this work however, there is no agreement on how blocked beats affect subsequent conduction through the AV node. Furthermore, it is impossible to measure the AV nodal recovery curve during sustained atrial flutter and atrial fibrillation.
The current work develops a theoretical approach to model AV nodal function by comparing the observed ventricular response during atrial flutter and fibrillation to the predictions of the model. Such an analysis could be applied to better understand the ventricular response to atrial flutter and atrial fibrillation in man.
METHODS
Recording and preprocessing of data. Recordings were carried out in two patients referred for catheter ablation of chronic atrial arrhythmias. One patient was in chronic atrial flutter, whereas the second patient was in chronic atrial fibrillation. Two quadripolar electrode catheters (1 cm interelectrode spacing) were used: one in the right ventricular apex, and a second in the right atrium within Koch's triangle. Electrograms were amplified and filtered (high pass 30 Hz, low pass 250 Hz), were digitized at 1 KHz, and were recorded onto a disk. The data files were analyzed in segments of 5 min intervals (Task Force, 1993) . Custom-written software was developed for the purpose of extracting the activation times of the atrial and ventricular activation complexes. The following sequence of steps was taken to determine the atrial activation times during atrial fibrillation. The derivative was computed and smoothed by the Savitzky-Golay filter (Press et al., 1993) which is a low-pass filter well-suited to preserve heights and widths of narrow features such as the events in intracardiac recordings. Depolarizing and repolarizing parts of the activation complexes are integrated into large complexes by first taking the absolute value of the resulting time series and then performing a moving average window. These complexes are fitted to second degree polynomials by using the Savitzky-Golay filter of second degree. The smallest maxima of the resulting time series are eliminated by using a moving average. The activation times are finally identified as the remaining maxima of the time series. The result of the described preprocessing method is verified manually (Fig. 1) . Preprocessing the intraatrial recording of atrial flutter and the intraventricular recordings is simpler due to the more distinct activation complexes of these recordings compared to the atrial signal of atrial fibrillation.
Mathematical model of concealed conduction.

Models of AV nodal function.
We develop a theoretical model to predict an output sequence of ventricular activations on a beat-to-beat basis given an input sequence of extracted atrial activation times from either the atrial flutter or atrial fibrillation recordings. We propose an iterative model which uses two fundamental properties of the AV node to predict the ventricular response. After the conduction of an atrial impulse through the AV node to the ventricles, the AV node has a refractory period θ . If an atrial activation reaches the AV node after the end of Figure 2 . Schematic illustration of the effect of a blocked event on AV nodal conduction. The event A k reaches the AV node during the refractory period owing to a conducted atrial event A k−1 . As a consequence the refractory period θ k−1 is prolonged a time interval . The new refractory period is thus θ k = θ k−1 + . The next atrial event A k+1 arrrives after the expiration of the new refractory period, and it is thus conducted through the AV node to the ventricles with a conduction time (AV ) k+1 . Notice that the recovery time (R A) k used as the independent variable in the computation of (AV ) k+1 is computed from the end of the refractory period R k to A k+1 . the refractory period, that activation is conducted through the AV node to give a ventricular activation. Activations that arrive at the AV node during the refractory period are blocked (concealed) and lead to an increment in the refractory period by an amount . Figure 2 shows a schematic illustration of the model.
Our notation follows. We start with a conducted beat, A k−1 in Fig. 2 , that is associated with a ventricular activation V k−1 . The associated AV conduction time is designated by (AV ) k−1 . Following the ventricular activation, the AV node will be refractory for a time interval θ k−1 = θ . If the next atrial activation A k falls during the refractory period, then
The refractory period is always measured from the time of the last conducted ventricular impulse which in this case is V k−1 . We assume that the conduction time through the AV node depends on the recovery time from the end of the preceding refractory period. For example, in Fig. 2 , the conduction time of the (k + 1)st atrial activation is given by
where the parameter AV min is the minimal conduction time through the AV node, and α and τ are positive constants (Shrier et al., 1987; Talajic et al., 1991) . Thus, starting with the input sequence of atrial activations and an initial ventricular activation, an output sequence of ventricular activations can be generated iteratively once parameter values are set. Another method is to apply the Kolmogorov-Smirnov test (Press et al., 1993) to assess the similarity of the distributions of V A high p value ( p ≤ 1) means that the null hypothesis cannot be rejected. Hence, a high p value does not mean that the two distribution functions are the same, but rather from a statistical standpoint we cannot say they are different (Press et al., 1993) .
RESULTS
Atrial flutter.
Data analysis. Key statistical numbers of the atrial flutter data are summarized in Table 1 . The average interatrial interval is A A mean = 229 ± 5 ms, and the average interventricular interval is V V mean = 917 ± 7 ms, thus reflecting a 4 : 1 conduction ratio between atrial and ventricular rhythms. The 4 : 1 conduction ratio persists throughout the recording time. The autocorrelation function of the interatrial intervals shows that the atrial rhythm is periodic with a period of four (Fig. 3) . The autocorrelation function of the interventricular intervals indicates the presence of a trend in the data. The interbeat intervals (time duration between two consecutive activations) are plotted against time (Fig. 4) (Task Force, 1993) . The atrial rhythm during atrial flutter is not constant, but subject to small beat-tobeat cycle length variations possibly owing to the effects of ventricular contraction (Wells et al., 1979; Waxman et al., 1991; Pavri et al., 1999) . A priori, it is not clear which atrial activations are conducted to the ventricles during the atrial flutter. Although there is no definite way to determine based on the current data, the following method offers a statistical approach. We can group the atrial activations into blocks of four consecutive beats in four different 
(1) ways as indicated schematically in Fig. 5 . We then obtain the following four sequences of values
i , where the subscript i is associated with a corresponding ventricular interval V V i .
For each of the four interpretations of which atrial event is conducted, the interventricular intervals V V i are plotted as a function of the preceding grouped interatrial intervals i (Fig. 6) . The correlation coefficent between (4) and V V is ρ 4 = 0.85 with a slope of regression of α 4 = 0.91, which is markedly better than for the other three cases. See Fig. 6 for all correlation and regression coefficients. Therefore, interpretation D (Fig. 5 ) in which the atrial events labeled 4 are conducted to the ventricles is the most likely interpretation of the atrial flutter data. Under the assumption of interpretation D we can compute the mean conduction time to be AV mean = 164 ± 4 ms. During sinus rhythm in the same patient (cycle length of 730 ms), the AV interval was 120 ms, so that the conduction time using interpretation D during the 4 : 1 block is greater than the conduction time during sinus rhythm.
Model results. Analysis of the atrial flutter data revealed that interpretation D (Fig. 5) is the most likely conduction pattern. Under that assumption a constant conduction time of approximately 164 ms is a good estimate of the real conduction properties in the atrial flutter data. The recovery curve equation (2) thus becomes very simple, since f (R A k ) = AV min , and the resulting parameter space of the model is then three-dimensional (AV min , θ, ). By fixing AV min = 164 ms, it is a simple task to scan the (θ, ) parameter plane. An appropriate range for the parameter θ (the refractory period after a conducted beat) is 0 ms ≤ θ ≤ 1000 ms in which the upper limit equals four maximum interatrial intervals (A A max ≈ 250 ms). A reasonable parameter range of (the prolongation due to blocked atrial impulses) is 0 ms ≤ ≤ 230 ms in which the upper limit is determined by the average interatrial interval (A A mean ≈ 230 ms). For each parameter combination on this parameter plane the results of the area measure D T and the Kolmogorov- Smirnov test p are computed and plotted (Fig. 7) . In both subfigures a triangleshaped region of parameter space emerges in which there is good agreement between model and data. The stepwise structure observed in Fig. 7(a) originates from the relatively equidistantly spaced atrial events throughout the recording time.
The equidistant interatrial intervals effectively discretize time into units of the mean interatrial interval. A specific parameter combination, which yields good agreement between model and data, is chosen in order to look at the model output on a beat-to-beat basis. We choose the parameter combination: (AV min , , θ ) = (164, 160, 240) for which D T = 1.81 and p = 0.69. There is generally very good agreement on a beat-to-beat basis between model and recording. Figure 8 shows for the aforementioned parameter combination an example of how well the model compares to the recording. 
Atrial fibrillation.
Data analysis. Key statistical numbers of the atrial fibrillation data are summarized in Table 2 . In atrial fibrillation the average interatrial interval is A A mean = 146 ± 16 ms, and the average interventricular interval is V V mean = 669 ± 105 ms. The coefficient of variation (CV = standard deviation/mean) of the ventricular beats is 0.16 (Meijler et al., 1996) . In atrial fibrillation the conduction ratio varies throughout the recording time, but on average the conduction ratio is 4.59. The ventricular rhythm relative to the atrial rhythm is thus slower in atrial fibrillation than in atrial flutter. The autocorrelation function of the atrial activation times shows linear correlation for small lags, whereas the autocorrelation function of the ventricular interbeat intervals shows no linear correlation (Fig. 3) (Goldstein and Barnett, 1967; Meijler et al., 1968; Bootsma et al., 1970; Stackee et al., 1971; Hashida et al., 1978; Cohen et al., 1983) .
Model results. We cannot establish which atrial events are conducted in atrial fibrillation. Consequently, the model cannot be tailored to a certain interpretation of the data, for example a constant conduction time. Therefore, we use the recovery curve equation (2) with all three parameters (AV min , α, τ ) to describe the conductive properties of the atrial fibrillation data. The scanning process is intricate due to the five-dimensional parameter space and the fact that none of the parameters can be estimated precisely from the atrial fibrillation data. We have taken the following approach. In atrial fibrillation the interatrial and interventricular intervals are generally smaller than in atrial flutter. Therefore it follows that the refractory parameters θ and are smaller in magnitude than is the case in atrial flutter. From Table 2 we can crudely deduce the ranges: 0 ms ≤ θ ≤ V V mean ≈ 700 ms and 0 ms ≤ ≤ A A mean ≈ 150 ms. The parameters of the recovery curve (AV min , α, τ ) are scanned in the ranges: 0 ms ≤ AV min ≤ 150 ms, 0 ms ≤ α ≤ 350 ms, and 10 ms ≤ τ ≤ 150 ms using stepsizes of 10-25 ms depending on the range of the particular parameter. Only parameter combinations fulfilling predefined values of the area measure and Kolmogorov-Smirnov test are stored in the introductory scans. These parameter combinations are then sorted with respect to the best results of the area measure and the Kolmogorov-Smirnov test. The sorted parameters give a good idea of regions in the parameter space where good fits are found, and the parameter ranges for the next scan can thus be narrowed substantially. Finally, after a number of scans of still smaller regions, a certain recovery curve can be chosen, and the (θ, ) parameter plane is scanned while keeping this recovery curve fixed. Figure 9 shows the result of scanning the (θ, ) parameter plane for the recovery curve (AV min , α, τ ) = (70, 280, 60) ms. Figure 9 shows that reasonable agreement between model and data can be found for certain parameter combinations with respect to the area measure and the Kolmogorov-Smirnov test. It is observed that the high p-values are located on the ridge formed by the results of the area measure (Fig. 9 ).
An example of the model output stemming from a point in parameter space with good model agreement is chosen to show the beat-to-beat output (Fig. 10) . The ventricular beat-to-beat variation shows that the model does not completely capture the ventricular response on a beat-to-beat basis. For the parameter combination used in Fig. 10 the Kolmogorov-Smirnov test yields p = 0.96, the area measure is D T = 90.0, and finally the predicted conduction ratio is C R = 4.59, which is the same as for the recorded data. The normalized histograms of the recorded and predicted interventricular intervals look very similar (Fig. 11) . The statistics of the predicted ventricular response are found in Table 2 .
DISCUSSION
This work has presented a new technique to determine parameters in a mathematical model of the AV node based on observed atrial and ventricular activity. Given the measured atrial activation times, the times of ventricular activation are computed. The computed activation times are compared with the observed activation times as the parameters describing AV node function are varied. Parameters which give the best statistical correspondence between the computed and observed activation times are identified by scanning the parameter space of the model.
Comparison with previous models of AV nodal function. Our approach differs in important ways from earlier studies that developed theoretical models of the AV node. Some earlier studies developed theoretical models of the AV node based on independent tests of AV nodal function, for example, by testing AV nodal conduction during a variety of stimulation protocols in which atrial inputs are systematically changed (Heethaar et al., 1973a,b; Shrier et al., 1987; Talajic et al., 1991) . Since in the setting of atrial fibrillation such stimulation protocols are not feasible, it is necessary to consider statistical features of the dynamics in order to set the parameters. A similar approach was considered earlier (Cohen et al., 1983; Zeng and Glass, 1996) which showed how unimodal or bimodal histograms of RR intervals could arise from modifications of parameters in AV nodal models. However, those earlier papers did not develop systematic methods for setting parameters based on comparisons between observed and computed histograms.
In atrial flutter and atrial fibrillation there are large numbers of nonconducted beats, and therefore the current model puts emphasis on the influence of these concealed beats on AV nodal function. At the moment, there is no general agreement of how to include the effects of concealed beats. The current work assumes that each concealed beat leads to a prolongation of the refractory period by a constant amount that does not depend on the timing of the concealed beat. Although there is evidence that the effects of concealed beats do depend on their timing (van Capelle et al., 1971; Heethaar et al., 1973b) , there is no consensus on how to develop a quantitative model for this function.
One of the interesting properties of the current model is that during the rapid stimulation rates that arise in atrial flutter and atrial fibrillation, the number of conducted beats would be inversely related to the frequency of the atrial inputs provided the properties of the AV node remain fixed. In the current model, this effect arises since each blocked beat leads to an increase in the refractory time of the AV node. This is in accord with experiments in isolated rabbit hearts, in which ventricular rate decreased as the average stimulation rate was increased during irregular atrial pacing (Chorro et al., 1990 ). This behavior is not shared by all theoretical models of the AV node. For example, in the model developed by Cohen et al. (1983) , each atrial input contributes to the depolarization of the AV node so that increased atrial stimulation would lead to an increased ventricular response.
A paradoxical decrease in ventricular response with increased irregular atrial activity was also observed in a set of coupled nonlinear differential equations that were proposed by Meijler et al. (1996) as a model of the AV node. The current work is complementary to this earlier work. In the earlier work, a large number of parameters describe the ionic channels of the model cells. The sensitivity of the model to changes in these parameters is not known, and systematic searches of the high dimensional parameter space associated with such models would be difficult if not impossible to carry out. Limitations of the model. There are several time-dependent changes of the AV node during rapid stimulation. The conduction time through the AV node does not depend solely on recovery time but also on the past history, as described by the concepts of fatigue and facilitation (Heethaar et al., 1973a; Billette and Nattel, 1994) .
Incorporation of fatigue and facilitation into mathematical models of the AV node can lead to a variety of subtle dynamical effects including changes in ratio of atrial to ventricular beats during stimulation at fixed frequency (Talajic et al., 1991) , or alternation of the conduction time through the AV node during atrial stimulation at a fixed delay after ventricular activation (Sun et al., 1995; Amellal et al., 1996) . Though inclusion of fatigue and facilitation would have been possible in the current model, the incorporation of extra parameters would have made it much more difficult to scan the parameter space. Furthermore, fatigue and facilitation are especially important during rapid activation in which each atrial stimulus is conducted to the ventricles or when a small fraction of atrial activations are blocked in the AV node (Talajic et al., 1991; Sun et al., 1995; Amellal et al., 1996) .
Another factor omitted in the current work is the feedback from ventricular contraction to AV nodal and atrial activity. This feedback affects AV nodal conductive and refractory properties (Damato et al., 1972; Pick and Langendorf, 1979; Meijler et al., 1996) and can also affect the timing of atrial impulses during atrial flutter (Lammers et al., 1991; Ravelli et al., 1994; Stambler and Ellenbogen, 1996) .
Clearly, an ionic model of the heart along the lines proposed by Meijler et al. (1996) should be able to reproduce all important functional properties of the AV node if subjected to a wide range of inputs. However, such models are extremely complex. We believe that analysis of simplified models, such as that proposed here, offers a means to identify key functional properties of the AV node underlying the observed complex dynamics. Thus, the current approach is complementary to the development of detailed ionic models.
CONCLUSIONS
This work analyzes and models the ventricular response during atrial flutter and atrial fibrillation. We hypothesize that concealed beats lead to an increase in the refractory period of the AV node. Using a highly simplified model, parameters in the model are determined by comparing statistical properties of the measured ventricular activity with the computed response given the atrial input. This methodology should be able to help elucidate the determinants of the ventricular response to atrial fibrillation in patients in whom simultaneous recordings of atrial and ventricular activity are available. In particular, these techniques should help to resolve the relative roles of atrial activity and AV nodal function in a single patient as the ventricular response changes due to drugs or circulating hormones during the course of the day. Control of the ventricular response to atrial fibrillation is one of the two principal strategies in atrial fibrillation therapy (the other being sinus rhythm maintenance). By providing a way to analyze the determinants of the ventricular response to atrial fibrillation, our technique may be useful for the evaluation and comparision of different approaches to control the ventricluar response.
